We propose and analyze an interface between a topological qubit and a superconducting flux qubit. In our scheme, the interaction between Majorana fermions in a topological insulator is coherently controlled by a superconducting phase that depends on the quantum state of the flux qubit. A controlled phase gate, achieved by pulsing this interaction on and off, can transfer quantum information between the topological qubit and the superconducting qubit.
Introduction Topologically ordered systems are intrinsically robust against local sources of decoherence, and therefore hold promise for quantum information processing. There have been many intriguing proposals for topological qubits, using spin lattice systems [1] , p+ip superconductors [2] , and fractional quantum Hall states with filling factor 5/2 [3] . The recently discovered topological insulators [4] can also support topologically protected qubits [5] . Meanwhile, conventional systems for quantum information processing (e.g., ions, spins, photon polarizations, superconducting qubits) are steadily progressing; recent developments include high fidelity operations using ions [6] and superconducting qubits [7] , long-distance entanglement generation using single photons [8, 9] , and extremely long coherence times using nuclear spins [10] .
Interfaces between topological and conventional quantum systems have also been considered recently [11, 12] . Hybrid systems [13, 14] may allow us to combine the advantages of conventional qubits (high fidelity readout, universal gates, distributed quantum communication and computation) with those of topological qubits (robust quantum storage, protected gates). In this paper, we propose and analyze an interface between a topological qubit based on Majorana fermions (MFs) at the surface of a topological insulator (TI) [5] and a conventional superconducting (SC) flux qubit based on a Josephson junction device [15] . The flux qubit has two basis states, for which the SC phase of a particular SC island has two possible values. In our scheme, this SC phase coherently controls the interaction between two MFs on the surface of the TI. This coupling between the MFs and the flux qubit provides a coherent interface between a topological and conventional quantum system, enabling exchange of quantum information between the two systems. 
where v F is the effective fermi velocity, δ ε = ∆ 0 cos (φ d − φ u ) /2 = −∆ 0 sin ε/2, and τ x,z are Pauli matrices acting on the wire's two zero energy modes [5] . As shown in Fig. 1(a) , the STIS wire connects two localized MFs (indicated by two red dots at the tri-junctions) separated by distance L; these are two of the four MFs comprising the topological qubit. The coupling between the MFs (denoted as γ 1 and γ 2 ) via the STIS wire can be characterized by the HamiltonianH MF 12 = iE (ε) γ 1 γ 2 /2, with an induced energy splitting E (ε) depending on the SC phase ε. The effective Hamiltonian for the topological qubit is
where Z topo = (|0 0| − |1 1|) topo . In Fig. 2(a) , we plot E (ε) as a function of a dimensionless parameter Λ ε ≡ ∆0L v F sin ε 2 . For Λ ε 1 and 0 < ε < π/2 [5], the energy splitting E (ε) ≈ 2 |δ ε | e −Λε ∼ 0 is negligibly small for localized MFs at the end of the wire, as the wavefunctions are proportional to e −Λεx/L and e −Λε(L−x)/L . On the other hand, for Λ ε 1, the two MFs are delocalized and E (ε) becomes sensitive to ε. We emphasize that E (ε) is a non-linear function of ε [18] , which enables us to switch the coupling on and off.
Flux Qubit The SC island d can also be part of an SC flux qubit ( Fig. 1(b) ), with φ d = ε = ε 0 or ε 1 depending on whether the state of the flux qubit is |0 flux or |1 flux as shown in Fig. 2(b,c) [15, 19] are not amenable to achieving a small phase separation ∆ε π/2 (Appendix), we are motivated to modify the design of the flux qubit by adding more JJs.
As shown in Fig. 1(b) , our proposed flux qubit consists of a loop of four Josephson junctions in series that encloses an applied magnetic flux f Φ 0 (f ≈ 1/2 and Φ 0 = h/2e is the SC flux quantum). The Hamiltonian for the flux qubit is
with Josephson potential energy U = i=1,2,3,4 E J,i (1 − cos θ i ), and capacitive charging
. For the i-th JJ, E J,i is the Josephson coupling energy, θ i is the gauge-invariant phase difference, C i is the capacitance, and V i is the voltage across the junction [15, 19] . In addition, there are relations satisfied by the phase accumulation around the loop i θ i + 2f π ≡ 0 (mod 2π) and the voltage across each junction V i = Φ0 2π θ i [16] . The parameters are chosen as follows: the first two JJs have equal Josephson coupling energy E J,1 = E J,2 = E J , the third JJ has E J,3 = αE J with 0.5 < α < 1, and the fourth JJ has E J,4 = βE J with β 1. For JJs with the same thickness but different junction area {A i }, E J,i ∝ A i and C i ∝ A i . The charging energies can be defined as
For these parameters and f ≈ 1/2, the system has two stable states with persistent circulating current of opposite sign. We identify the flux qubit basis states with the two potential minima |0 flux = |{θ * i } and |1 flux = |{−θ * i } (modulo 2π), as illustrated in Fig. 2(b,c) .
When β → ∞, we may neglect the fourth junction and this system reduces to the previous flux qubit design with three JJs [15, 19] . 
between the two possible values of φ d becomes small, as we desired, when β is large. Aside from this small phase separation, there are also quantum fluctuations in θ 4 due to the finite capacitance.
Near its minimum at ± {θ * i }, the potential energy is approximately quadratic; therefore, for β 1, the dynamics of θ 4 can be well described by a harmonic oscillator (HO) Hamiltonian
where the effective mass is M 4 = Fig. 2(d) shows the proba-
associated with |0 f and |1 f . The magnitude of the quantum fluctuations ζ is comparable to the phase separation ∆ε; indeed ζ ∝ β −1/2 may even dominate the phase separation ∆ε ∝ β −1 for large β (Fig. 3 ).
[27] Therefore, we should consider both the phase separation and the quantum fluctuations.
Hybrid System The Hamiltonian for the hybrid system of topological and flux qubits ( Fig. 1 (c)) is:
where
In both flux qubit basis states, the oscillator is in its ground state with a † a = 0. To first order in the small parameter
1, the Hamiltonian becomes
Up to a single-qubit rotation, the effective Hamiltonian coupling the flux and topological qubits is
with coupling strength g =
The first term arises from the phase separation and the second term from the quantum fluctuations; corrections higher order in ζ 1 are small. Because the energy splitting function E (ε) is highly non-linear, we may tune φ c to φ off such that v F /L∆ 0 ε 0,1 = φ off ± ∆ε/2 < π/2 and switch off the coupling g ≈ ∆ 0 ∆εe −|φ off |∆0L/2v F ∼ 0. On the other hand, we may adiabatically ramp φ c to φ on v F /L∆ 0 , which effectively switches on the coupling g ≈ ∆ 0 ∆ε. By adiabatically changing φ c from φ off → φ on → φ off with g (t) dt = π, we can implement the controlled-phase (CP t,f ) gate between the topological (t) and flux (f ) qubits. With Hadamard gates Had f , we can achieve CNOT t,f = Had f ·CP t,f ·Had f , which flips the flux qubit conditioned on |1 t and can be used for quantum nondemolition measurement of the topological qubit [11, 20] . Furthermore, with Hadamard gates Had t (implemented by exchanging two MFs [3, 5] ), we can achieve the swap operation SWAP t,f = (Had t · Had f · CP t,f )
3 . Finally, with CP t,f , Had t and single-qubit rotations U f , we can achieve arbitrary unitary transformations for the two-qubit hybrid system of flux and topological qubits [13, 14] .
Imperfections There are four relevant imperfections for the coupled system of flux and topological qubits [28] . The first imperfection is related to the tunneling between |0 flux and |1 flux of the flux qubit, with tunneling rate t ∼ ω exp − E J /E C . The coupling between flux and topological qubits should be strong enough, g t, to suppress the undesired tunneling probability η tunnel ≈ (t/g) 2 . The next imperfection comes from undesired excitations of the oscillators. According to the Hamiltonian H for the hybrid system, the oscillators may be ex-
The excitation probability can be es-
The third imperfection is due to the finite length of the STIS wire, which limits the fidelity for the topological qubit itself. When we switch off the coupling between the flux and topological qubits by having φ c = φ off and Λ φ off 1 for the STIS wire, there is an exponentially small energy splitting E ∼ ∆ 0 e −Λ φ off . The last relevant imperfection is associated with the excitation modes of the quantum wire, with excitation energy E ≈ v F /L [5] . Occupation of these modes can potentially modify the phase separation of the flux qubit. Therefore, we need sufficiently low temperature to exponentially suppress the occupation of these modes by the factor e −E /k B T . Physical Parameters We may choose the following design parameters for the flux qubit: α = 0.8, β = 10, E J /E C = 80, and E J = 200 (2π) GHz. Both phase separation and quantum fluctuations depend sensitively on β (see Fig. 3 ), with ∆ε ≈ 0.16 and ζ ≈ 0.18. Meanwhile, the flux qubit has plasma oscillation frequency ω ≈ 60 (2π) GHz, energy barrier ∆U ≈ 0.26E J , tunneling
≈ 70 (2π) MHz; these parameters only marginally depend on β (Appendix).
For mesoscopic aluminum junctions with critical current density 500 A/cm 2 , the largest junction (E J,4 = βE J ) has an area of about 1 µm 2 [15] . For the topological qubit, it is feasible to achieve the parameters ∆ 0 ∼ 0.1meV≈ 25 (2π)GHz, v F ∼ 10 5 m/s, L ∼ 5µm, and T = 20mK. For the interface, the effective coupling is g ∼ ∆ 0 ∆ε ∼ 2 (2π)GHz. Therefore, we have imperfections η tunnel ∼ 10 −3 , η excite 10
. Phase Qubit A similar interface can be constructed to couple the SC phase qubit [7, 21] and the topological qubit. A phase qubit is just a JJ with a fixed DC-current source I. The phase qubit Hamiltonian is
The qubit can be encoded in the two lowest energy states, |0 phase and |1 phase , with magnitude of quantum fluctuations ζ 0 and ζ 1 , respectively. The coupling strength between phase and topological qubits can be estimated as g phase ≈ E (ε) ζ 2 1 − ζ 2 0 . Notes added It was recently proposed to use the Aharonov-Casher (AC) effect for quantum nondemolition measurement of a topological qubit [11, 12] . This proposal, which applies in the parameter regime α > 1 where the flux qubit has two possible tunneling pathways, exploits the observation that whether two tunneling paths interfere destructively or constructively can be controlled by the state of the topological qubit. In contrast, our proposal, which applies in the parameter regime α < 1 where the flux qubit has only one tunneling pathway, exploits the non-linearity of the energy splitting E (ε) to achieve a controlled-phase coupling between the topological and flux qubits. Recently, the related work [22] appeared.
Conclusion
We have proposed and analyzed a feasible interface between flux and topological qubits. Our proposal uses a flux qubit design with four JJs, such that the two basis states of the qubit have a small phase separation ∆ε on a particular superconducting island, enabling us to adiabatically switch on and off the coupling between the flux and topological qubits. Such interfaces may enable us to store and retrieve quantum information using the topological qubit, to repetitively readout the topological qubit with a conventional qubit, or to switch between conventional and topological systems for various quantum information processing tasks.
We are especially indebted to Mikhail Lukin for inspiring discussions. We also thank Anton Akhmerov, Jason Alicea, Erez Berg, David DiVincenzo, Garry Goldstein, Netanel Lindner and Gil Refael for helpful comments. This work was supported by the Sherman Fairchild Foundation, by NSF grants DMR-0906175 and PHY-0803371, by DOE grant DE-FG03-92-ER40701, and by NSA/ARO grant W911NF-09-1-0442. the two quantum states of the flux qubit are well localized because the two potential minima are widely separated in the θ1 direction (see Fig. 2(c) ).
[28] We assume that flux qubit parameters can be accurately measured, and hence ignore fabrication uncertainties.
[29] The SQUID circuit that measures the flux qubit is another potential source of error, as it may introduce an additional plasma mode with low frequency ω . Assuming ω ∼ 2 (2π)GHz [23] ), we may choose g = 200(2π)MHz and t = 10(2π)MHz, so that ω g t 1/T2. If the flux qubit's spin-echo coherence time T2 is long (≈ 4µs [24] ), a 1% error rate can be achieved.
Appendix A: Flux Qubits
We describe our design of the SC flux qubit that prepares an SC island with SC phase ε = ε 0 or ε 1 depending on the flux qubit state |0 flux or |1 flux . The phase of the SC island can coherently control the coupling between the two Majorana fermions at the end of the STIS wire. We would like to have a small phase separation ∆ε ≡ ε 1 − ε 0 π/2, so that we can easily switch off the coupling H MF 12 when we do not want to couple the Majorana fermions (MFs).
The previous design of flux qubit with three JJs [15, 19] , however, is not amenable to achieving a small phase separation ∆ε π/2, because of the following reason. The three JJs have Josephson energy E J,1 = E J,2 = E J and E J,3 = αE J [15, 19] . The phase difference across the first junction is θ = ± cos −1 1 2α . By choosing α = η + 1/2 and η 1, there is a small phase separation ∆ε = 2 |θ| ≈ 4η 1/2 . However, the energy barrier for the tunneling is significantly suppressed
The action associated with the tunneling is S ≈ θ ∆U/E C ≈ θ 3 E J /E C ∝ θ 3 E J , where the last step uses the property that E C ∝ 1/E J . In order to maintain a similar tunneling matrix element between the two potential minima, it requires the unfavorable scaling E J ∝ 1/θ 3 . For example, to achieve θ = 0.1, we have to increase the area of the Josephson junction by ∼ 10 3 . Practically, it would also be very challenging to have a precise value of α = 1 2 + θ 2 4 = 0.5025, which fine tunes the phase separation ∆ε. In contrast, the four-junction design of flux qubit has a favorable scaling of E J,4 = βE J ∝ 1/θ and there is no fine-tuned parameter. This motivates us to redesign the flux qubit with more Josephson junctions.
As shown in Fig. 4 , the flux qubit consists of a loop of four JJs in series that encloses an external magnetic flux f Φ 0 (f ≈ 1/2 and Φ 0 = h/2e is the SC flux quantum). The first two JJs have equal Josephson coupling energy E J,1 = E J,2 = E J ; the third JJ has coupling energy E J,3 = αE J , with 0.5 < α < 1; the coupling in the fourth JJ is E J,4 = βE J , with β 1. For JJs with the same thickness but different junction area {A j }, E J,j ∝ A j and C j ∝ A j . The charging energies can be defined as
Notice that E J,j E C,j = E J E C is independent of j. The system may have two stable states with persistent circulating current of opposite sign.
Here is a summary of the key results:
1.
For β → ∞, we may neglect the fourth JJ and reduce the system to the well-studied flux qubit with three JJs [15, 19] . For β 1, there is only a small phase difference across the fourth junction, with θ 4 = ±θ * 4 = Z flux θ * 4 depending on the sign of the circulating current (i.e., the state of flux qubit, with Z flux = (|0 0| − |1 1|) flux ). We show that the magnitude of the phase difference can be small θ * 4 ≈ √ 4α 2 −1 2αβ ∝ β −1 . As shown in Fig. 4 , two SC islands (c and d) are connected by this junction, if we fix the SC phase φ c , then
. The SC island d can be used to coherently control the coupling between the Majorana fermions of the STIS wire.
2.
There are quantum fluctuations for the phase of the SC island. The magnitude of quantum fluctuations depends on {E C,j } and {E J,j }. For β 1, the dynamics associated with θ 4 can be characterized by a harmonic 
oscillator (HO) Hamiltonian
where the effective mass is M 4 = Various parameters characterizing the flux qubit are also calculated, including the plasma frequencies {ω i } i=1,2,3 , barrier height ∆U , and the tunneling matrix element t. For example, given parameters α = 0.8 and β = 10, we compute {ω i } ≈ (2.8, 2.3, 1.8)
. We notice that these parameters for the flux qubit hardly depend on β when β > 10, which verifies the intuition that inserting a large Josephson junction to the loop has almost no effect to the properties of the flux qubit.
4.
We propose two schemes to implement the SC phase-controller, which can fix the phase difference between an SC island and a big SC reservoir.
In the following, we provide detailed analysis to justify our design of flux qubit with four JJs. First, we give the Hamiltonian description for the system. Then, we calculate the phase separation and quantum fluctuations. Next, we numerically obtain various quantities such as plasma frequencies, barrier height, and tunneling matrix element. Our numerical calculation also verifies our estimates on phase separation and magnitude of quantum fluctuations. After that, we propose two implementations of the SC phase-controller. Finally, we derive the energy splitting function E (ε) that is highly non-linear in terms of ε.
Appendix B: Hamiltonian for Flux Qubit
The Hamiltonian for a flux qubit consisting of four JJs in series is
with the Josephson potential
and the capacitive charging energy
Here for the j-th Josephson junction, E J,j is the Josephson coupling, θ j is the gauge-invariant phase difference, C j is the capacitance, and V j is the voltage across the junction. Suppose that all the junctions have the same thickness, we have E J,j ∝ A j and E C,j ≡
where A j is the area of the junction and C j is the junction capacitance [16] . The quantity E J,j E C,j = E J E C does not depend on j.
The Josephson potential is constraint by the phase relation
This phase relation removes one degree of freedom. We may introduce a 3-vector θ = (θ 1 , θ 2 , θ 3 ) to characterize the system with four JJs. (Note that we only need to choose three independent phases for 3-vector, e.g., θ = (θ 1 , θ 2 , θ 4 ) is also a valid choice.) For f = 1/2, the Josephson potential is
By appropriately choosing the parameter {E J,j }, there are only two minima for the Josephson energy at Fig. 5ab ). We may identify the two levels of the flux qubit as |0 flux = |{θ * i } and |1 flux = |{−θ * i } . Thus, we may denoted the two potential minima as Z flux θ * j , with Z flux = (|0 0| − |1 1|) flux .
The capacitive charging energy can be regarded as the kinetic energy associated with the dynamics of θ. This is because the voltage across the junction is given by the Josephson voltage-phase relation V j = Φ0 2π θ j [16] and the time derivatives θ j obey the constraintθ 1 +θ 2 + θ 3 +θ 4 = 0 (derived from Eq.(B4)). Thus, we may write the capacitive charging energy as
where the capacitive matrix is
the effective mass tensor is
and the canonical momentum is Therefore, we have reduced the problem to the canonical model of the quantum system with Hamiltonian
where the operators satisfy the commutation relation [θ j , p k ] = iδ jk . Based on this model, we obtain the phase separation and the magnitude of quantum fluctuations in the next two sections.
Appendix C: Phase Separation between the Potential Minima
We now calculate the potential minimum θ * j by introducing a Lagrange variable λ associated with the phase relation (Eq.(B4)). We study the function
The first derivatives all vanish at the extreme point:
From the phase relation j θ * j = j sin
= π, we may solve for λ.
For our system with four JJs, we can also calculate θ * 4 by series expansion with respect to the small parameter β −1 . For β → ∞, we have the zeroth order expansion = sin
2αβ . Therefore, the phase difference for the fourth junction is
As plotted in Fig. 6b , the numerically obtained quantity In this section, we consider two models for quantum fluctuations across the JJs. The quantum fluctuations across the JJs are due to the finite mass matrix for the Hamiltonian (Eq.(B12)), which is proportional to the ca- [15, 19] , characterized by the action S, potential barrier ∆U , and tunneling rate t. Panels (a) and (f) assume EJ /EC = 80.
pacitance matrix. In the following, we first provide a simple, intuitive model to characterize the quantum fluctuations associated with θ 4 for β 1. Then, we consider the general model of multiple coupled harmonic oscillators, and obtain the formula for the magnitude of quantum fluctuations associated with a projected degree of freedom. We find very good agreement between the two models when β 1, which justifies the simple model.
Simple Model -One Harmonic Oscillator
Given very large β, we may neglect the higher order couplings to other JJs and consider the reduced Hamiltonian for the fourth JJ
with displaced potential minimum at Z flux θ * 4 . We then use the harmonic approximation and obtain
and E C,4 = e 2 2C4 . The oscillator has frequency ω = 8E J,4 E C,4 = √ 8E J E C and characteristic length
Here ζ is also the magnitude of quantum fluctuations.
General Model -Coupled Harmonic Oscillators
We now consider the general model of multiple coupled harmonic oscillators, and obtain the formula for the magnitude of quantum fluctuations associated with a projected degree of freedom.
Close to the potential minimum Z flux θ * j , we may expand the potential function to the second order of
with
The effective Hamiltonian around the minimum describes a system of coupled Harmonic oscillators:
where we have used the definition
To solve for the system of coupled oscillators, we perform the following transformation to make the mass matrix/tensor isotropic. For real and symmetric mass matrix (M ij = M ji ), there is an orthogonal transformation
) that diagonalizes the mass matrix
where Λ ij = λ i δ ij is the diagonal matrix. The eigenvalue λ i is effective mass along the i-th principle axis. By inverting both sides, we have
we have
Finally, we diagonalize the real symmetric matrixK via orthogonal transformation V 2
where Ω ij = ω 2 i δ ij is the diagonal matrix. Overall, the position and momentum transform as
The eigenvalue ω 2 i is the square of the i-th oscillator frequency (also called plasma frequency). Given parameters α = 0.8 and β = 10, we calculate the plasma frequencies
We may also vary the parameter β, and observe that the plasma frequencies only depend very weakly for β 1. Note that position and momentum have different transformations V 2 Λ 1/2 V 1 and
Furthermore, these transformations are not orthogonal transformations. However, as long as the transformations preserve the commutation relation [ŷ j ,q k ] = [x j ,p k ] = iδ jk , we can still perform quantization over the transformed coordinate.
Following this procedure, we can numerically compute the magnitude of quantum fluctuations of θ 4 as detailed below.
We use the WKB method to estimate the tunneling matrix element [19] . The action associated with the pathway θ (r) from
and the tunneling matrix element can be estimated as
The phase space θ has period 2π for all three directions. We may introduce the unit cell with volume (2π) 3 and three basis vectors a 1 = 2π (1, 0, 0), a 2 = 2π (0, 1, 0), and a 3 = 2π (0, 0, 1). (Note that we may choose the shape of the unit cell for our convenience.) Regarding the tunneling pathway, we may choose the initial point θ * a = − θ * , while the choice for final point is not unique as θ b = θ * + i n i a i for integers {n i }. However, we may require that the final point, θ * b , be the one that has the minimum action from the initial point, and we choose the unit cell so that it includes the minimum action pathway that connects θ * a and θ * b . After this procedure, the intracell tunneling has the minimum action, compared to all inter-cell tunneling pathways.
Pathway with minimum action
We should use the pathway θ (r) with extreme action for the WKB method, i.e., δS δ θ (r) = 0.
We obtain these extreme pathways using the following approach. First, we discretize the integration
with x 0 = θ a and x N = θ b . Then we calculate the derivatives with respect to r i
For extreme pathway, these derivatives should vanish. If we start with an non-extreme pathway with nonvanishing derivatives, we can update the pathway so that the updated pathway becomes closer to the extreme pathway. By repeating the update procedure many times, we will obtain a pathway that is very close to the extreme pathway. Since we know in advance that we are looking for the pathway that gives the minimum action, we apply the following update rules for the kth update:
where determines the evolution rate and i = 1, 2, · · · , N − 1. For sufficiently small evolution rate
which ensures continuous reduction of the action.
Tunneling rates and β Dependence
This algorithm gives us the correct pathway that locally minimize the action between neighboring potential wells. We find that the pathways are essentially the straight lines connecting the different minima, with no significant difference in terms of the action values. For example, given parameters α = 0.8 and β = 10, the intracell action is S in ≈ 0.7 E J /E C and the smallest intercell action is S out ≈ 1.4
1. The barrier height for intra-cell tunneling is ∆U = 0.25E J .
When β → ∞, all quantities (potential minimum position, plasma frequencies, action for tunneling, energy barrier, and tunneling matrix element) reduce to the case with three JJs. As illustrated in Fig. 6 , the deviation scales as β −1 . For β ≥ 10, the perturbation from β is very small.
For practical parameters of mesoscopic aluminum junctions with critical current density 500 A/cm 2 [15, 19] , a junction with an area of A = 0.2 × 0.4 µm 2 can achieve E J ≈ 200 GHz and E J /E C ≈ 80, which corresponds to the first two junctions E J,1 = E J,2 = E J . Since E J,j ∝ A j , the fourth junction E J,4 = βE J should have an area of approximately 1 × 1 µm 2 to achieve β ≈ 10.
Appendix F: Phase-Controllers
For the STIS quantum wire, we would like to fix the phase difference between two disconnected SC islands. For example, we would like have φ l − φ u = π/2, φ r − φ u = π/2, φ c − φ u = φ c + π, as shown in Fig. 1ac . The idea is to connect the two SC islands via a phasecontroller. The phase-controller has two large SC islands with a controllable phase difference γ. Using large SC islands for phase-controllers reduces quantum fluctuations in the SC phase.
In this section, we consider two approaches to building a phase-controller using Josephson junctions (JJs). The phase difference γ between the two large SC islands can be controlled by either the external magnetic flux γ = γ (Φ x ) or the electric current γ = γ (I), as detailed below. We start with the effective Hamiltonian [5] 
with δ ε = −∆ 0 sin ε/2 (differed from [5] by a minus sign, due to a slightly different assignment of SC phases). The Hamiltonian can be written as
where k is the wave vector in the quantum wire. The eigen-energies for H STIS (k) are E ± (δ ε , k) = ± δ 2 ε + v 2 F k 2 . For a finite STIS quantum wire with length L, it can only support a discretized set of wave vectors satisfying the boundary condition [5] 
with a dimensionless parameter
For given Λ ε , we may solve Eq. (G3) and obtain a set of solutions kL = f n (Λ ε ) with index n = 0, 1, 2, · · · for different bands. The function f n (y) is just the inverse function of y = x/ tan (x) associated with the nth invertible domain.
For the lowest band, we have
with ∆E = v F /L. Note that kL = f 0 (Λ ε ) is purely imaginary for Λ ε ∈ (1, ∞), and it is real for Λ ε ∈ (−∞, 1). Physically, imaginary kL corresponds to localized MFs at the ends of the quantum wire, and real kL indicates delocalized MFs. Those higher bands (with n ≥ 1) are associated with the excitation modes of the quantum wire, with excitation energy at least ∆E [5] . In summary, we have
which is plotted in Fig 2a. 
